We study collapse of inhomogeneous dust and null dust (Vaidya radiation) in pure Lovelock gravity in higher dimensions. Since pure Lovelock gravity is kinematic in odd d = 2N + 1 dimension, hence pertinent dimension for the study is even d = 2N + 2, where N is degree of Lovelock polynomial. It turns out that pure Lovelock collapse favors naked singularity as against black hole for the Einstein case in the same dimension while strength of singularity as measured by divergence of Kretshmann scalar is interestingly the same in the two cases; i.e. the corresponding scalars have the same fall off behavior.
Introduction
Lovelock Lagrangian is a homogeneous polynomial of degree N in Riemann curvature and it defines a general action for gravitation. Einstein-Hilbert action is included as linear order N = 1 while GaussBonnet is quadratic, N = 2. The characteristic and distinguishing feature of Lovelock action is, notwithstanding its polynomial character, that the resulting equation of motion for gravitation is always second order. This is however well-known. We wish to point out one other distinguishing universal property of Lovelock gravity (all along by Lovelock gravity we would mean pure Lovelock N th order term without previous terms < N ). As Einstein gravity is kinematic in 3 dimension and becomes dynamic in 4 dimension, Lovelock gravity, as defined by N th order Riemann curvature, R (N ) abcd which is a homogeneous polynomial in Riemann, is also similarly kinematic in d = 2N + 1 and becomes dynamic in d = 2N + 2 dimension for any N [1] . That is R(N ) ab = 0 implies R (N ) abcd = 0 in all odd 2N + 1 dimensions, in particular N = 2 Gauss-Bonnet is kinematic in 5 and becomes dynamic in 6 dimension. This is also a universal feature of Lovelock gravity.
The natural question that arises is, what should be the right gravitational equation for higher dimension d > 4? Should it be Einstein or Einstein-Lovelock or pure Lovelock in d = 2N + 1, 2N + 2 [1, 2] ? If kinematic and dynamic character in odd and even dimension is to be a universal feature of gravity, it cannot be anything else than Lovelock gravity. This property rules out Einstein and Einstein-Lovelock gravity for d > 4 and singles out Lovelock gravity. Further it also turns out that for Lovelock gravity in odd and even dimensions, thermodynamical parameters bear a universal relation to horizon radius; i.e. entropy always goes as r 2 h in even d = 2N + 2 dimension [3] . It is both necessary and sufficient condition for universality of thermodynamical parameters in terms of horizon radius that it is Lovelock gravity.
It has been proposed [4] that right gravitational equation in d > 4 is pure Lovelock equation which includes Einstein equation for N = 1. In this paper, we shall in particular investigate problem of gravitational collapse which concerns an important open question, what is the ultimate fate of a collapsing star, is it a black hole or naked singularity? Penrose proclaimed in his famous Cosmic Censorship Conjecture (CCC) that end result of collapse is always a black hole. That is singularity is always covered by event horizon and there occur no naked singularities. There do however exist examples of inhomogeneous dust collapse in which there do emanate null geodesics from singularity before apparent horizon is formed thereby indicating nakedness of singularity in general relativity [5] , Einstein Gauss Bonnet [6] , and Einstein Lovelock gravity [7] . It would be interesting to study this problem for pure Lovelock gravity and contrast it with Einstein gravity in higher dimensions. It would be shown that collapse dynamics would be qualitatively similar for d = 2N + 1, 2N + 2 for Lovelock gravity to that of Einstein gravity in 3, 4 dimensions. In contrast it would be quite different for Einstein gravity in higher dimensions. This would be yet another discriminator between Einstein and Lovelock gravity.
The paper is organised as follows. In the next Sec. we give a quick overview of Lovelock gravity which is followed by study of gravitational collapse of dust and Vaidya null radiation. We conclude with a discussion.
Lovelock Gravity -a quick overview
Following Dadhich [8] we define the Lovelock curvature polynomial
where
and Q abcd ;d = 0. The analogue of N th order Einstein tensor is given by
and
ab is a function of the metric and its first and second derivatives which are all arbitrary, it must vanish in d = 2N . That is, R (N ) ab = 0 identically in 2N dimension. On the other hand for the general Lovelock case, the lagrangian is non-zero for d = 2N but its variation vanishes identically.
The Lovelock equation of motion is given by
Gravitational Collapse
We study gravitational collapse of dust and null dust in Lovelock gravity in higher dimensions. As expected it would turn out that for Lovelock collapse the situation would be qualitatively the same in odd 2N +1 and even 2N +2 as for the Einstein case in 3, 4 dimensions. In contrast, it would be quite different for Einstein gravity in higher dimensions.
Inhomogeneous dust Collapse
Spherically symmetric homogeneous dust collapse model analysed by Oppenheimer and Snyder [9] led to the establishment viewpoint that end state of a star, with remnant mass more than a few solar mass, would lead to formation of black holes in general theory of relativity. This model still serves as a role model for understanding some of the key features associated with black holes, appearance of singularity and event and apparent horizon formation [10] . It is no surprise that the phenomenon of visible singularity too was discovered many years later in dust collapse, generalising from homogeneous to inhomogeneous density [11] . Today we have a complete understanding of the role of initial data in final state of collapse [12] . Choice of dust as matter model has been supported for collapse studies since in late stages of continued collapse though we expect pressure to attain a upper bound the density continues to grow indefinitely [13] . Thus in higher dimensional generalisation of Einstein's theory of general relativity to Gauss-Bonnet gravity first we consider gravitational collapse of a spherically symmetric dust cloud.
The choice of dust as matter models makes comoving coordinates a preferred choice for a coordinate system. The line element in these coordinates can be written as
Here d (5 or 6) is spacetime dimension. The only nonzero components of energy momentum tensor are
Collapse in five dimension
The vanishing of T r t component fixes
where, in analogy with four dimensional case, f (r) can be identified as the total energy function. Considering special case of marginally bound dust, where dust particles start at rest from infinity, we can set f (r) = 0. From (1) we write
and due to symmetry other angular components are equal to T θ θ . The vanishing of radial pressure gives two family of solutions, namely, static which correspond toṘ = 0, and solutions with constant velocitÿ
Therefore, area coordinate can be integrated as
where b(r) is an integration parameter. The other integration constant is fixed using t = 0 as the scaling surface where R = r. It is straightforward to check that for this solution (6) other components of pressure vanish identically and we do not have any additional constraints.
The remaining freedom b(r) can be interpreted as follows. Since we are considering marginally bound models where every collapsing shell is at rest at infinity. Thus b(r) is identically zero in this case. Thus R = r, there is no collapse and we have a static solution. This is expected since gravity is kinematic in five dimension for Gauss-Bonnet gravity analogous to 3-dimensional Einstein gravity.
Collapse in six dimension
As in five dimension, vanishing of T r t component fixes
Again, considering special case of marginally bound dust we can set f (r) = 0. From (1) we again have
The vanishing of radial pressure gives two family of solutions, namely, static which correspond toṘ = 0, and solutions corresponding tö
The first integration of equation above yields energy equationṘ
In the usual analogy with four dimensional case the left hand side acts as kinetic energy and right hand side plays the role of potential energy of the system. This allows us to define integration constant m(r) as mass function. Note that unlike four dimensional case where potential energy goes as 1/R here it is 1/ √ R. This equation can be integrated as
where we have used scaling freedom (R(0, r) = r) to fix the integration constant. Again, the solution is strikingly similar to the four dimensional GR which can be obtained by replacing 5/4 by 3/2 everywhere. We could generalise it to any 2N + 2 dimension to write
where, for we have GR, Gauss-Bonnet and cubic Lovelock respectively for N = 1, 2, 3 and so on. From Eqs. (8) and (12) the expression for energy density is
We have both shell crossing (R ′ = 0) and shell focusing (R = 0) singularities. It is interesting to draw a comparison with four dimensional case in Einstein gravity where we have derivative of the mass function in the numerator and not of its square. This arises because mass is a geometrical quantity and we have quadratic terms in curvature in the left hand side whereas right hand side is usual energy density. Generalising the argument for 2N + 2 dimensional marginally bound collapse, we write
The singularity curve in this case is given by
It is instructive to calculate the time of formation of singularity at the centre. The functional dependence of mass function near the centre can be calculated using Eq. (14) as m(r) ∼ ρ 0 r 5/2 / √ 3 + · · · where we have used scaling on the initial surface and ρ 0 is the initial central density of collapsing cloud. Thus time of formation of singularity at the centre is
In the corresponding four dimensional Einstein gravity the time of singularity formation is inversely proportional to the square root of central density. Thus collapse slows down in Gauss-Bonnet theory. Moreover, in the naive dimensional extension of GR to six dimension the time of formation of central singularity continues to depend on central density as the inverse square root. Extending to 2N + 2 dimensional case, we can write
and the central singularity in terms of central density as
To further our analogy of six dimensional GaussBonnet gravity with four dimensional Einstein theory we consider now the causal structure of singularity. The four dimensional inhomogeneous dust collapse model gave us the first generic violation of cosmic censorship conjecture [14] . In what follows we consider a simplified version of singular geodesic analysis by Barve et al. [15] . To show if singularity is visible, at least locally, we consider out-going radial null geodesics in the six dimensional line element (2) with solution (7) and f (r) = 0 :
If we assume existence of such geodesics with their past end-points at the central singularity t s (0), we can consider the following approximate form for the geodesics near the centre
Here both δ and X are positive for geodesics to exist in spacetime. In case when leading exponent causing inhomogeneity is equal to δ the constant X has a upper bound for singularity to be visible. Consider an initial density profile of the form
to leading order near singularity. From Eq. (14) we get the following form for the "mass function" near the centre
Now, using Eq. (13), we can derive an expression for R ′ near the centre, which we need for analysing radial null geodesics,
where we have defined τ 1 = t s (0) + Xr δ and τ 2 = t s (0) + Xr α . If this equation admits a solution with desired values of parameters we have at least one radial null geodesic terminating at singularity. As mentioned earlier for geodesics to lie in spacetime we should have α ≥ n. This in-equality can be easily understood since in case α < n the slope of outgoing radial null curves is more than that of singularity and thus are not part of spacetime. In the first case α > n we have in the leading order
Thus we have a self-consistent solution with α = 1 + 4n/5 and X = (−F n /(4F 0 )) 4/5 . Since we are considering the case α > n, n can take values 1 to 4. Again, this should be seen in comparison with what is observed in collapse of marginally bound dust in four dimensional Einstein gravity. When first non-zero term in the expansion of density around centre is either ρ 1 < 0 or ρ 2 < 0 singularity is always visible and black hole sets only for n = 3 in four dimensional Einstein gravity. However in Gauss-Bonnet case this window enlarges it is only at n = 5 that black hole sets in and it is naked singularity for all ρ 1 to ρ 4 .
In case α = n, the equation for the radial null curves can be written as
Thus n = 5 and existence or otherwise of a positive definite root depends on the following sixth order polynomial equation,
Here we have defined Y = X/F 0 and b = (−F 5 /F 9/4 0 ). Quantity F 0 is related to central density and hence is positive definite, and since star should have a decreasing density away from the centre F 5 is negative and thus b > 0. The parameter b is a measure of inhomogeneity for a given central density. The existence of a positive root depends on Eq. (27) which is a sixth order polynomial and does not allow determination of roots in general. However, using Descartes' rule of signs this equation can admit six, four, two or zero (even) positive and no negative roots. Since we have reduced it to a one parameter equation a simple numerical evaluation shows that for 0 < b < 0.000054 this equation allows double roots. There is an additional restriction on X by the slope of the singularity curve since we want geodesic lie in the spacetime. For n > 5 we have α > n and we have only blackhole formation.
The generalisation to any dimension can be done as follows. If we consider a general density profile (21), where n characterises order of inhomogeneity, we can find an outgoing singular geodesic of the form t = t s (0) + Xr α with constraint α > n and α = 1 + 2N n/(2N + 1) and the tangent X ∝ (−F n /F 0 ) 2N/(2N +1) . Thus, as we move from GR to Lovelock more and more of initial data space, specified in terms of initial density, leads to formation of visible singularities. The threshold of transition is given by n = 2N + 1;i.e. n = 3, 5, ... for N = 1, 2, ... for corresponding to Einstein, Gauss-Bonnet and so on. The point to be noted is that there is a unique relation between inhomogeneity parameter n and Lovelock order N for the even dimension d = 2N + 2s.
The critical branch solution (n = 3 in general relativity and n = 5 in Gauss-Bonnet theory) serves as another distinguishing feature between naive extensions of GR to higher dimension and the Lovelock collapse. In 4d GR the well known transition between naked singularity and black holes occurs at n = 3 (for marginally bound case), where depending on other free parameters we can have either naked singularity or a black hole. For n < 3 singularity is always visible and for n > 3 it is always covered. In five dimensional GR naked singularity window shrinks and it is naked only for n = 1. For n = 2 we have phase transition and for larger n it is always a black hole. In six dimensional case this picture changes completely. For n = 1 it continues to be visible whereas for any larger n it is always a black hole. Therefore there is no more any transition branch, and the same is true for all higher dimensions than 6. In contrast for Lovelock there would always occur transition phase for n = 2N + 1 in 2N + 2 dimension as demonstrated in particular for 6-dimensional Gauss-Bonnet collapse. This is because gravitational (thereby collapse) dynamics is similar in all even 2N + 2 dimensions like the 4-dimensional GR. Of course the window of visibility of singularity widens because Lovelock gravity becomes weaker with N as potential goes as 1/r 1/N . The Lovelock curvature polynomial in six dimensions is given by,
and the corresponding scalar invariant
It is instructive to compare it with the corresponding six dimensional GR case. The acceleration equation corresponding to vanishing of radial pressure is given byR
and the Kretschmann scalar . The Kretschmann scalar has therefore the same degree of divergence for both Einstein and Lovelock gravity. This shows that strength of singularity remains the same and it does not distinguish between Einstein and pure Lovelock gravity for the given even dimension. However for Lovelock gravity there is no collapse in any odd dimension.
Null dust collapse
The gravitational collapse of spherical matter in the form of radiation (null dust) described by the Vaidya metric is well studied [5] . In GR, it turns out that as dimension increases, the window for naked singularity shrinks. That is, gravity seems to get strengthened with an increase in dimensions of space [16] . In this context, one question that could naturally arise is, what happens in gravitational collapse of null dust in the pure Lovelock gravity?
Inclusion of Vaidya null dust in said contest is quite straightforward by writing the corresponding vacuum solution in Eddington advanced time and then making mass function of it. It would then describe a null radiation zone with radially flowing null rays. Let us begin with the general d-dimensional spherically symmetric spacetime, in advanced Eddington time coordinate v, described by the metric [17, 18] :
where 0 ≤ r ≤ ∞ is the proper radial coordinate, −∞ ≤ v ≤ ∞ is an advanced time coordinate, and For obtaining analogue of Vaidya solution [19] in Lovelock gravity, we note that T µν = σk µ k ν , k µ k µ = 0 where σ is density of null fluid. The equation we need to solve is
which is Lovelock gravitational equation. The standard way to do it is to transform Lovelock analogue of Schwarzschild solution to Eddington advanced time and write m = M (v). This would satisfy the above equation and the metric would read as follows: 
For radial null geodesics, we readily write
Clearly, this has singularity at r = 0, v = 0. The nature (naked singularity or black hole) of the collapsing solutions can be characterized by the existence of radial null geodesics coming out of singularity. The motion near singularity is characterized by roots of an algebraic equation which we derive next. Eq. (36), upon using eq. (35), turns out to be
where X ≡ v/r is the tangent to a possible outgoing geodesic. The central shell focusing singularity is at least locally naked (for brevity we have addressed it as naked throughout this paper), iff there exists X 0 ∈ (0, ∞) which satisfies
or, λX
with m = (d − N − 1)/N . Thus any solution X = X 0 > 0 of the eq. (39) would correspond to naked singularity of spacetime;i.e. to future directed null geodesics emanating from singularity (v = 0, r = 0). The smallest such X 0 corresponds to the earliest ray emanating from singularity and is called Cauchy horizon of spacetime. If X 0 is the smallest positive root of (39), then there are no naked singularities in the region X < X 0 . Hence in the absence of positive real roots, the central singularity is not naked (censored) because in that case there are no outgoing future directed null geodesics emanating from singularity. Thus,occurrence of positive real roots implies that the strong CCC is violated, though not necessarily the weak CCC. Obviously for the critical dimension d = 2N + 1, we get m = 1 and Eq. (39) has a trivial solution X 0 = 2/(1 − λ). This is as expected as gravity is kinematic here.
We now examine the condition for occurrence of naked singularity for d = 2N + 2. With a straightforward calculation it can be shown that eq. (39) always admits two real positive roots X 1 and X 2 for λ ≤ λ c , where λ c is the critical value of the parameter λ discriminating between naked singularity and black hole. The larger of the two roots, say X 2 corresponds to Cauchy horizon. Thus it follows that singularity will be naked if λ ≤ λ c . On the other hand if, the inequality is reversed, λ > λ c no naked singularity would form and gravitational collapse would result in black hole. When λ = λ c , the two roots coincide to X C (say), and then from Eq. 
For the familiar Einstein case N = 1, we have λ C = 1/8 and X C = 4 while they are λ C = 1/3 √ 2 and X C = 6 for N = 2 Gauss-Bonnet gravity.
Kretschmann Scalar
For gauging strength of singularity we compute Kretschmann scalar which is square of corresponding curvature and it shows how curvature diverges. Let us set Λ = 0 as it represents constant curvature. Lovelock gravity is always kinematic in odd dimension which will give null K (2) while it will not be Riemann flat and K
(1) will be non-zero falling off as 1/r 4 . For the dynamic 6-dimensional case, we have
while its corresponding Riemann square goes:
However the corresponding scalar for 6 dimensional Einstein collapse is given by
which has the same fall off as Gauss-Bonnet collapse. This is rather remarkable that the strength of the singularity does not discriminate between Einstein and Lovelock gravity.
Discussion
In Einstein gravity for dust (null as well as nonnull) collapse, it turns out that as dimension of spacetime is increased the threshold inhomogeneity separating black hole and naked singularity also increases. That is compared to 4 dimension, greater degree of inhomogeneity is required for formation of naked singularity. Higher dimension therefore favors black hole. In contrast, for pure Lovelock gravity, it is the other way round. As d = 2N + 2 increases threshold decreases thereby implying even a lesser degree of inhomogeneity could lead to naked singularity formation. In contrast to Einstein, Lovelock gravity hence favors naked singularity as even dimension increases. This could be understood as follows. In Einstein gravity, gravitational force goes as 1/r (for d = 2N + 2, d − 1 = 2N + 1). Thus even though for a given degree of inhomogeneity, collapse may result in a black hole for Einstein and naked singularity for Lovelock, yet the Kretshmann scalar for both would have the same order of divergence. This shows that rate of collapse which determines black hole or naked singularity depends upon Einstein or Lovelock but the ultimate order of divergence of singularity is neutral.
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